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1. INTR~OUCTI~N 
1.1. Statement of the Result 
The main aim of this paper is to give a geometrical description of the 
Suzuki group and its subgroups. We also find the maximal subgroups of the 
group, as summed up in the following theorem. 
THEOREM. The sporadic simple group of Suzuki of order 448, 345, 491, 
600 has exactly 17 conjugacy classes of maximal subgroups, as follows: 
(A) Four 2-local subgroups: 
(i) 21_+6U,(2) index 135,135 
(ii) 22+8: (A5 X S,) index 1,216,215 
(iii) 24+“: 3A, index 405,405 
(iv) 644 x &(4))*2 index 926,640 
(B) Four 3-local subgroups: 
(v) 3 u,(3)-2 index 22,880 
(vi) 32+4: 2(A, X 2*).2 index 3,203,200 
(vii) 35: M,, index 232,960 
(viii) (3*.4 X A,).2 index 17,297,280 
(C) Nine non-local subgroups: 
(ix) G,(4) index 1,782 
(X> u,(2) index 32,760 
(xi) J,.2 index 370,656 
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(xii) M,,.2 index 2,358,120 
(xiii) L,(3).2 index 39,9 16,800 
(xiv) L,(3).2 index 39,9 16,800 
(xv) ww index 57,480,192 
(xvi) A, index 177.9 14,880 
(xvii) (Ah x A,).2 index 10,378.368 
If p is a prime, we use p” to denote an elementary Abelian group of order 
p”, and pm’n to denote a special group of order pm+” with centre of order 
pm. If p is also odd, p y 2n, p y’ 2n will denote the extraspecial groups of order 
P ’ + 2n and of exponent p and p2, respectively. Similarly, 2:+ ‘* denotes the 
central product of n copies of D,, while 2 y’ 2n denotes the central product of 
QB with n - 1 copies of D,. We use standard notations for the alternating 
groups and simple groups of Lie type, also M,,, etc., for the Mathieu groups, 
J, for the Hall-Janko group and Sz for the sporadic simple group of Suzuki. 
For any groups A and B, we shall use AB or A.B to denote any extension of 
A by B. If the extension is known to be split we shall often use the notation 
A: B, while if it is non-split we write A . B. 
1.2. The Suzuki Group and the Leech Lattice 
There are two particularly nice ways of looking at the Suzuki group. The 
first is the way Suzuki constructed the group, as a rank 3 extension of G,(4) 
of degree 1782 with sub-orbit sizes 1, 416, and 1365. We shall be looking at 
the group from this point of view in order to prove the uniqueness of such 
subgroups as G,(4) and J,, but for the most part we shall be considering the 
group in another context, which is provided by the Leech lattice: the group 
of lattice automorphisms which centralize a given fixed-point-free 
automorphism of order 3 is a proper sixfold cover 6Sz of the Suzuki group. 
Identifying this fixed-point-free automorphism with the complex number 
o = (-1 + fl)/2 turns the Leech lattice into a 12-dimensional lattice over 
the Eisenstein integers Z [o] and allows us to write the group 6Sz as 12 x 12 
complex matrices. This process is illustrated in detail in Section 1.4, where a 
basis for the complex Leech lattice is derived from a given basis for the real 
Leech lattice. Alternatively, we can choose a basis for the complex Leech 
lattice in such a way that it may be defined from the ternary Golay code in 
an analogous way to that in which the real Leech lattice is defined from the 
binary Golay code. 
To define the ternary Golay code, take 12 co-ordinates labelled 00, 0, 1, 2, 
3, 4, 5, 6, 7, 8, 9, X, which we shall write in the order co, 7, 6, 8, X, 2, 0, 3, 
4, 1, 9, 5 for reasons which will become apparent later, and take as 
generators the word (1, 1, 1, 1, 1, 1, -1, -1, -1, -1, -1, -1) over GF(3) 
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and all words obtained from this word under the action of the co-ordinate 
permutation (0123456789X). The automorphism group of this code is 2M1*, 
acting monomially, and the subgroup of pure permutations is M,, , and 
permutes the 12 co-ordinates transitively. Now consider the set of 12- 
dimensional vectors (x,) over Z[w], with co-ordinates again indexed by co, 
7, 6, 8. X, 2, 0, 3, 4, 1, 9, 5 and impose the condition that all the co- 
ordinates must be congruent, to m, say, modulo 0 = m. We can then 
define from (x,) an associated vector (x,*) in (GF(3))” by letting xt be the 
reduction of (xP - m)/B modulo 0. The complex Leech lattice then consists of 
those vectors (xP> for which (x,*) is a word in the ternary Golay code, and 
the sum of the co-ordinates is congruent o -3m modulo 30. 
This definition is invariant under a group 2 x 36: 2M,, in which the 
central involution acts as -1, and the normal 36-group acts as co-ordinate- 
wise multiplication by elements of the multiplicative Golay code, defined 
from the ordinary Golay code by replacing 0, 1, -1 by 1, w, W, respectively. 
The Golay code has monomial automorphism group 2M,,, and in the 
multiplicative case this acts by permuting the co-ordinates and conjugating 
some of them, and the central involution conjugates every co-ordinate. It is a 
trivial matter to check the invariance of the lattice definition under this 
group, and it is also easy to see that any symmetry of the lattice preserving 
the set of 12 complex one-spaces defined by the co-ordinates must be in this 
group, since it preserves the Golay code. If we have also to preserve the 
structure of the lattice as a module for the Eisenstein integers, we must 
centralize multiplication by w, which gives us a monomial group 
2 x 3%4,,, which becomes 35 :M, , on factoring out by the subgroup 
of scalar multiplications. There is a complementary M,, generated by 
the co-ordinate permutations (0123456789X), (13954)(267X89 and 
(ooO)( 18)(7364)(29X5). 
We can now use the definition to find explicitly the orbits of short vectors 
of the lattice under the monomial group. Define an inner product ( , ) to be 
l/9 of the usual inner product on complex 12-space, and define the type JuI 
of v to be its squared norm under this new inner product. The orbits of 
vectors of type 2 and type 3 are given in Table I. We define two lattice 
vectors to be congruent (modulo 0) if their difference is 8 times a lattice 
vector. Note that a lattice vector is trivially congruent o its multiples by w 
and fi,, but is not congruent o its negative unless it is congruent o the zero 
vector. 
LEMMA. Any vector of the lattice is congruent to exactly one of the 
following: 
(i) the zero vector, 
(ii) a type 2 vector and its multiples by o and 6, 
TABLE I 
Orbits of Short Vectors under the Monomial Group 3”: M,, 
(a) Type 2 vectors 
pqiqF 
198 1782 
‘Kip 
16038 2916 
(b) Type 3 vectors 
pipJ 
12 1980 
e 0 e 0 
I_ 
e 0 -e 0 
e 0 -e 0 
160380 10692 53460 53460 106920 
8910 
d 1 1 1 
I 1 1 1 
1 1 1 1 
2916 Total = 32760 
32076 32076 
we 3 -e 0 
1 
e 0 -e 0 
e 0 -e 0 
160380 
0 we -e e 
0 we -e e 
160380 160380 2916 32076 32076 
160380 160380 
320760 160380 
320760 320760 
-2 -2 1 1 -2 1 -2 1 
-2 1 1 1 -2 1 1 1 
-___- 
32076 160380 
160380 
Total = 2795520 
Notes. (1) The number of vectors in each orbit is given underneath the representative. 
They are counted projectively, i.e., modulo scalar multiplications. (2) a = 1 + 3w, 
w = 1 - 36,. (3) Co-ordinates are numbered according to the scheme 
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(iii) a “co-ordinate frame” consisting of 12 mutually orthogonal type 3 
vectors and their multiples by w and 6. (Note: we shall not usually 
distinguish between a co-ordinate frame and its negative.) 
Proof: Suppose that v, and v2 are congruent vectors of type 2 or 3, with 
v, - v2 = 6$, so that Re(v,, v2) = (Iv,1 + Iv21 - 3 Iv1\)/2. Excluding the 
above trivial congruences we have that lvjl is an integer and at least 2, and 
there are three cases to consider: 
(a) If lv,l=(vZI=2, then the real parts of (vl,vZ), (wv,,v2) and 
(Ov,, v,) must all be -1, which is impossible. 
(b) If Iv, I = 2 and I v2( = 3, then the real parts of the above three inner 
products must each be either -l/2 or -2, which is also impossible. 
(c) If (v, I= 1 v2 I= 3, then these three real parts must each be 0, -3/2 
or -3. Thus they are all zero, and v2 is orthogonal to v,. 
We have therefore shown that the only non-trivial congruence classes of 
vectors of type 2 or 3 are sets of mutually orthogonal type 3 vectors, so we 
have already accounted for at least 1 + 196560/3 + 16773120/36 = 
531441 = 3” congruence classes. But there are only 3” congruence classes 
altogether, so we have found them all, and the lemma follows. 
Now if we calculate an integral base for the lattice we can check that the 
second matrix given in Table II preserves the lattice, and furthermore that it 
fuses the 24 orbits of type 3 vectors under the monomial group. It follows 
that the stabilizer in the Suzuki group of any “co-ordinate frame” is 
conjugate to the above group 3 ’ : M, , . Also, the number of such co-ordinate 
frames is 232,960, which is just the index of 3’: M,, in the Suzuki group. 
Orbits of co-ordinate frames under this monomial group correspond to the 
double cosets of this group. A set of representatives for the 13 double cosets 
is given in Table II from which orbit representatives for the co-ordinate 
frames can easily be deduced. 
It is now easy to see that the group is transitive on the minimal vectors 
(i.e., the vectors of type 2), and then the stabilizer of any minimal vector is 
just U,(2), since the centralizer in U,(2) of a suitable outer automorphism of 
order 3 is U,(2). Furthermore, if X is a SubgrOup of 6Sz which fixes a vector 
v in the lattice, then by taking v to be a vector of minimal norm fixed by X 
we ensure that v is not congruent to the zero vector, and so it is either 
congruent to a minimal vector, in which case X is contained in 3 X U,(2), or 
to a co-ordinate frame, in which case X is contained in 36: M,, . This remark 
will prove to be useful later on in proving the uniqueness of a number of 
subgroups of the Suzuki group. 
If we fix a minimal vector v,, we can calculate the inner products of the 
other minimal vectors v with v,, and up to unit multiplication, and counting 
projectively (i.e., neglecting scalar factors), these are: 
TABLE II 
Double Coset Representatives for the Monomial Group 
‘100000000000’ 
010000000000 
001000000000 
000100000000 
000010000000 
000001000000 I 
000000100000 s 
000000010000 
000000001000 
000000000100 
000000000010 
LO 0 0 0 0 0 0 0 0 0 0 1, 
r- 2 -1 -1 -1 -1 -1 0 0 0 0 0 0’ 
-1 -1 2 -1 -1 -1 0 0 0 0 0 0 
-1 -1 -1 -1 2 -1 0 0 0 0 0 0 
-1 2 -1 -1 -1 -1 0 0 0 0 0 0 
-1 -1 -1 2 -1 -1 0 0 0 0 0 0 
1 -1 -1 -1 -1 -1 2 0 0 0 0 0 0 1 
3000000-211111 3 
0 0 0 0 0 0 1-2 1 I 1 1 
000000111311 
. 0000001111 l-2 
0 0 0 0 0 0 1 l-2 1 1 1 
~0000001 1 I I-21, 
-eooooo1wwwww 
o-eoooo6wwc5wl 
oo-f?ooo~w~czlw 
ooo-eooc3wwl~8 
oooo-/30wc31wczw 
ooooo-ecGl8ww6 
-I-W-W-W-W-W e 0 0 0 0 0 
-ckj-~-~-l 0 e 0 0 0 0 
4 x&c/-(5-1 -0 0 0 I9 0 0 0 
4-0-0-1 -G-W 0 0 0 e 0 0 
-6-a-1 -w-od 0 0 0 0 e 0 
-6-l -cs-w-6-w 0 0 0 0 0 I9 
VI 11 1 I-21 11 11. 
l-2 1 -2 rr 1 1 1 -2 1 1 1 
1 a -2 l-2 1 1 1 1 I l-2 
1 I-2-21 a l-21 11 1 
11 1 a-2-21 1 l-21 1 
l-2 a 1 l-2 1 1 1 l-2 1 
-2 1 1 1 1 1 (u 1 1 1 1 1 
1 l-21 11 1 l-2-2u 1 
11 l-21 11 11 a-2-2 
1 1 1 1 l-2 1 a -2 1 1-2 
l-2 1 1 1 1 l-2 l-2 1 (I 
.l 11 I-21 I-2a l-21- 
1 
3s 
111000000000 
1 w w 0 0 0 0 0 0 0 0 0 
1 crs (1) 0 0 0 0 0 0 0 0 0 
0 0 0 -1 -I -1 0 0 0 0 0 0 
0 0 0 -1-w-00 0 0 0 0 0 
0 0 O-l-w-&i0 0 0 0 0 0 
000000111000 
00000010w000 
0000001ww000 
0 0 0 0 0 0 0 0 0 -1-l -1 
0 0 0 0 0 0 0 0 0 -1-w-o 
0 0 0 0 0 0 0 0 0 -1-o-G 
eoooooiwowdw 
OeOOOOwwwwdl 
ooeooo~a~~ia 
oooBoowGwlww 
ooooeowwiwww 
oooooewi~~~~ 
-I 4-(r,+iki-w-e 0 0 0 0 0 
-o-~-w-w-6.-i 0 -e 0 0 0 0 
-w-o-o-w-i 4 0 0 -e 0 0 0 
-tu-w4-i --w-co 0 0 0 -e 0 0 
-w-w-l -c&w-w 0 0 0 0 -0 0 
-o-~ -w-(r-O-ti 0 0 0 0 0 -e. 
1 1 1 1 1 1 1 -2 -2 -2 -2 -2 
1 -2 1 -2 -2 I 1 1 1 -2 1 -2 
1 -2 -2 1 -2 I 1 1 -2 1 -2 1 
1 1 -2 -2 1 -2 1 1 1 -2 -2 1 
1 I I -2 -2 -2 1 -2 -2 1 1 1 
1 -2 -2 1 1 -2 1 -2 1 1 1 -2 
111111411111 
-2 -2 1 I 1 -2 1 1 -2 -2 I 1 
-2 1 1 1 -2 -2 1 1 1 I -2 -2 
-2 1 -2 -2 1 1 1 1 -2 1 1 -2 
-2 1 -2 1 -2 1 1 -2 1 -2 1 1 
-2 -2 1 -2 1 1 1 -2 1 1 -2 1 
-p 1 1 1 I l-2 1 1 1 1 I 
1 -2 1 -2 a 1 1 1 -2 1 1 1 
1 d -2 1 -2 1 1 1 1 1 l-2 
1 l-2-21 h l-21 11 I 
11 1 a-2-21 1 l-21 1 
l-2 a 1 l-2 1 1 1 l-2 1 
-2 1 1 1 1 1 $7 1 1 1 1 1 
1 l-21 11 1 l-2-2c71 
11 l-21 11 11 d-2-2 
1 1 1 I 1-2 1 a -2 1 1 -2 
l-2 1 1 1 1 1 -2 l-2 1 a 
.l 1 I 1 -2 1 1 -2 ti 1 -2 1 
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TABLE II (continued) 
r-2 0 B 0 0 0 -w-c5 -1 0 0 o- 
m-2o O-l-w-GO 0 0 0 0 
0 G-20 0 o-c-l-W0 0 0 
0 0 0 1 -l-w-9W (5-w-14 
0 1 0 0 w 4-w-l 4-l -0J 65 
1 0 0 o-co-w-lw 1(5-145,-w 1 
3 -(r,-I-wB4tiO 0 0 1 ow 3s 
-WC!-lwww0 0 1 0 oB 
-1-O-81 11 0 0 0 100 
0 1 1 l-1-1-1 0 o-d-w-1 
0 0 0 0 -1 -1 -14-w 0 -1 0 
LO 0 w w -1 -1 0 -6J -1-o -I, w 
Cl 1 1 1 1 1 a’ l-2 1 1 a 
1 1-2 1 l-2 l-2 1 1 1 a 
1 -2 l-2 1 1 l-2 1 1 1 a 
-2 1 1 1 1 1 1 a 1 1 1 a 
1 1 -2 -2 1 1 1 1 -2 1 1 a 
1 1 -2 1 -2 1 1 1 -2 1 1 a 1 1 
367 1 a c? 1 1 1-2 1 1 1 1 1 3e 
1 l-2 -2 -2 1 a 1 1 1 1 1 
l-2 1 a l-2 1 l-2 1 1 1 
1 1 l-2 1 1 1 1 Ci 1 1 u 
a -2 1 l-2 1 1 1 1 1 l-2 
\a l-21 l-21 11 l-21> 
-1 0 0 0 -1 --w--w --w -1 
-1 -1 0 0 -0 4 0 --w --w 
--w --w -1 0 0 0 -1 -1 --w 
-2 1 l-2-2-2-2 1 1 1 1 1- 
1 d a 1 1 l-2 1 1 1 1 1 
1 a h 1 1 l-2 1 1 1 1 1 
-2 1 1 1 1 1 -2 1 1 -2 -2 -2 
-2 1 1 1 1 1 1 C? a 1 1 1 
-2 1 1 1 1 1 1 a ~7 1 1 1 
-2 -2 -2 -2 1 1 1 1 1 -2 1 1 
1111 ha Ill-21 1 
111 lahll l-21 1 
1 1 1 -2 1 1 -2 -2 -2 -2 1 1 
11 l-21 1111 la@ 
.l 1 l-2 1 1 1 1 1 1 C a~ 
-1 1 l-2 1 1 1 1 1 1 a a- 
l 1 1 1 -2 1 d l-2 l-2 1 
1 1 1 1 l-2 a -2 1 1 l-2 
-2111111 aa 111 
l-2 1 1 1 1 l-2 1 a -2 1 
1 1 -2 1 1 1 1 1 -2 a 1 -2 
1 aa 11 l-21 1111 
1 l-2 a -2 1 l-2 1 1 1 1 
l-2 1 a l-2 1 l-2 1 1 1 
111 laall l-21 1 
a -2 1 l-2 1 1 1 1 1 1 -2 
-5 1 -2 1 1 -2 1 1 1 1 -2 1. 
Notes. (1) a = 1 + 304 y = 1 - 38. (2) The 13 double cosets become 10 under the action 
of the outer automorphism. (3) Regarding each matrix as the set of its 12 row vectors, the 
above table gives the orbits of the monomial group on the 232960 “co-ordinate frames.” The 
numbers of co-ordinate frames in the different orbits are as follows: 
1 165 
891 2613 
2613 2916 
16038 16038 
17820 40095 
40095 40095 
53460 
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(uo, L’): 0 1/e 2/e 1 2 
No. of vectors: 8316 20736 891 2816 1 
Now by character theory U,(2) has just six orbits on minimal vectors (a 
character table of the Suzuki group may be found in [ 12]), and since 83 16 
does not divide the order of U,(2), there are two orbits of U,(2) on vectors 
orthogonal to 0,. Calculation shows that these orbit sizes must be 2970 and 
5346. 
1.3. The Subgroups K, 
It was observed by J. G. Thompson (see [2]) that an element of class 30 
in Conway’s group Co, has normalizer A, x S, and that if we take a 
decreasing sequence of A, contained in this A, then we have the following 
series of groups as their normalizers: 
G,=A,xS3, 
G, =A, x S,, 
G, = (A, x ~5,(2)).2, 
G, = (A, x U,(3)).& 
G, = (As x Jd.2, 
G, = (4 x ~,(4)).2, 
G, = 3.Sz.2. 
If we therefore centralize, and quotient out by, a 3-cycle in the appropriate 
A,, we obtain a series of subgroups of the Suzuki group, as follows: 
H,=A,xS,, 
H,=A5xS4, 
H, = (4 x U2)).2, 
H, = (A3 x U,(3)).& 
H, = J,.2, 
H, = G,(4). 
Using knowledge of the subgroups of G,(4) (see [ 1 l]), J, (see [6]) and 
U,(3), we can similarly centralize and quotient out by a suitable element of 
order 3 in these groups, and obtain a second series of subgroups: 
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K, = (A6 x 3’.4).2, 
K, = (A5 x A,).2, 
K4 = (A4 x h(4)).2, 
K, = 311,(3).2. 
Note that for n = 3,4, 5 or 6, H, is contained in K,. The groups H, , H,, 
K, , K,, K, and K, will all turn out to be maximal subgroups of the Suzuki 
group. It is worth making the observation here that for n = 1,2,3,4,5 or 6 
there is a single orbit of complete n-point subgraphs in the 1782-point graph, 
and the stabilizer of such a complete subgraph is the group H,. This follows 
directly from Suzuki’s construction of the group (as the derived group of the 
automorphism group of this graph) by successive rank 3 extensions: 
S, < L,(2).2 < U,(3).2 < J,.2 < G,(4).2 < Sz.2. 
Furthermore, for n = 1, 2, 3 or 4 the sets of points joined to all points of 
these complete subgraphs form the respective rank 3 graphs on 416 points 
for G,(4).2, on 100 points for J,.2 and on 36 points for U,(3).2, and the 
rank 4 graph on 14 points for L,(2), the last being the graph on the seven 
lines and seven points of the projective plane, where a line is joined to a 
point if and only if they are not incident in the projective plane. It follows 
directly from this that there is no complete subgraph on 7 or more points. 
Now the action of the outer half of K, on the corresponding A, is clearly 
to extend it to S,, though the action on C(A,) is not so clear. To determine 
this action we used some delicate arguments based on a detailed study of the 
character table, along the lines sketched below. However, the results were 
checked by explicit calculations on a computer, so we do not intend to 
reproduce these arguments in full here. We found that K,/A, is isomorphic 
to MCI, while K, /A 5 is isomorphic to M,,. In the case of K, the 
automorphism of L,(4) involved is the central involution of the outer 
automorphism group D ,*, which has centralizer M, (of order 72) in L,(4). 
(This can be inferred from the fact that this automorphism acts non-trivially 
on the element of order 7 and also the element of order 5-see Section 
4.1.6.) In the case of K,, the automorphism of U,(3) involved is one of the 
two conjugate non-central involutions in the outer automorphism group D, 
which have centralizer M,, (of order 720) in U,(3). (This can be inferred 
from the fact that this automorphism interchanges the two classes of U,(2) in 
U,(3)---see Section 6.2.) 
481/84/l-l I 
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1.4. The Code Groups 
Under this heading we shall describe four of the local subgroups, which 
have a close connection with certain interesting codes. These groups are 
most easily described as subgroups of the full covering group 6Sz rather 
than of the Suzuki group itself, but they do not contain the whole of the 
centre. They are as follows: 
Subgroup of 6Sz Quotient in Sz 
(a) The Golay code group 3’j: M,, 35: M,, 
(b) The tetracode group 33+4: 2(A, x 27.2 32+4: 2(A, x 22).2 
(c) The hexacode group 25+6: 3A, 2 4+6: 3A, 
(d) The tricode group 23+8.(A5 x S,) 22+c8: (A, x S,) 
Note that in the last case, the quotient A, x S, only splits module the central 
involution. 
We have already met the Golay code group as the co-ordinate frame 
stabilizer. Its 0,.subgroup may be naturally identified with the ternary 
Golay code, as described above, and the twelve co-ordinates may be thought 
of as the twelve one-dimensional eigenspaces of this 36-group. On each of 
these eigenspaces the 36-group acts as the cyclic group of order 3 generated 
by multiplication by w. The quotient of the code group by its 0,.subgroup 
may then be idenfied with the subgroup M,, of the automorphism group of 
the code, and with respect to our base it acts as pure permutations of the co- 
ordinates. The other code groups have a similar structure, which from the 
point of view of their representation theory may be defined in a uniform 
manner. 
In considering the tetracode group we find it convenient to arrange the 12 
co-ordinates in a 4 by 3 array (called the MINIMOG) in such a way that the 
co-ordinates are labelled 
The group is best understood by considering first the linear code F4 
(sometimes called the tetracode) generated over GF(9) = (0, fl, ki, f 1 *i) 
by the words (0, 1, 1, 1) and (l,O, 1, -1). We can “lift” GF(9) to an 
extraspecial group 3 y 2 whose typical element is zP~,+~~ = u“tftf, where 
ti = t” = u3 = [ti, u] = [ti, ~1 = 1 and [ti, ti] = u. The code @d can then be 
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“lifted” to an abstract group 33+4 consisting of the words 
(PC,,,, ubtX, kt,,, udtZ), where a + b + c + d= 0 (modulo 3) and (w, x,y, z) is 
a word in g4. The elements of this group become elements of 6Sz when we 
interpret t, as 
ul 
acting on any of the columns of the MINIMOG, and ti as 
1 
u 
1 
w on the first and third columns and CC on the second and fourth 
w 0 w 
columns, so that u becomes scalar multiplication by o on the first and third 
columns and W on the second and fourth. 
Now any outer automorphism of the extraspecial group 3:’ induces an 
automorphism of 3 3+4 by acting simultaneously on all four “co-ordinates,” 
and any automorphism of g4 can be lifted to an automorphism of 33f4, so in 
this way we obtain a group 2S, 0 2S, s 2y4: (S, x S,) of outer automor- 
phisms of 33+4. Of this group, however, only a subgroup 2(,4, x 22).2 E 
2 y “: S, of index 6 is realizable in 6Sz since we must centralize the element 
o, corresponding to the “code” word (u, u-l, U, a-‘). The group 2A, may be 
generated by the element which acts as L 
1 1 1 
( ) 
1 o C% on the first and third 
e l&w 
-1 1 1 1 
columns and - 1 Cs cu 
( ) 0 lwcs 
on the second and fourth columns, together with 
6 
the element which acts as w on the first and third columns and as cij 
u 
w 
on 
W u 0 
the second and fourth columns. Modulo this 2A, the column permutation 
group D, may be generated by the co-ordinate permutations 
(76)(81)(X9)(25) and (co801)(7X356249), where the latter element has 
fourth power equal to the central element of the 2A,. 
In order to describe the other two code groups we find it convenient to use 
a different base, more closely related to the real Leech lattice. We shall use 
the definition of the Leech lattice as given in [ 111, in which the vectors are 
written as 6-dimensional vectors (qm, q,,, q,, q2, q4, q3) (note the order of the 
co-ordinates) over the Hurwitzian ring Z [i, f(-1 + i +j + k)] of integral 
quaternions, and satisfy the condition 
(i) q,=mmod(l +i). 
We can then define q,* as the reduction of (qx - m).(l + i))’ mod (1 + i), 
and define the hexacode gh as the linear code generated over GF(4) = 
(0, 1, w, ti } by the word (1, 1, w, 6, w, W) and its images under the CO- 
ordinate permutation (01234), where the co-ordinates are again written in the 
order co, 0, 1, 2, 4, 3. Then the Leech lattice consists of those vectors which 
satisfy the further conditions 
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(ii) (4:) is a word in the hexacode; 
(iii) C, qx = 2Gm mod (2 -I- 2i); 
where w and 0 are now also used to denote the quaternions 
(-1 + i +j + k)/2 and (-1 - i -j - k)/2, respectively, as well as the images 
of these quaternions in GF(4) under the quotient map “reduction 
mod (1 + i)“. 
The portion of the lattice automorphism group preserving the six 4spaces 
corresponding to the quaternionic co-ordinates has the shape 
2 5f’2 . (S, X 3S,) and acts as follows. The O,-subgroup is generated by co- 
ordinate-wise left and right multiplications by elements of the “quaternionic 
hexacode,” defined as the group generated by (i, i, j, k, j, k) and its images 
under the co-ordinate permutation (01234) and the automorphism w of Q, 
which permutes i,j and k cyclically. The minimal normal subgroup 2’ is 
then in this interpretation just the intersection of the left and right actions of 
the hexacode, and consists of the sign changes on any even number of the 
quaternionic “co-ordinates.” Modulo the O,-subgroup there is a group of the 
shape S, x 3S,, which may be generated by bi-multiplication by LC) in the 
first factor, and the automorphism group 3A, of the hexacode group in the 
second factor, with transformation by o as the central element. The outer 
half of the group 3S, interchanges left and right multiplication, while the 
outer half of the S, effects quaternion conjugation. (Note that there is no 
complementary S, x 3S,.) Now the centralizer in the entire automorphism 
group of left multiplication by o is 6Sz, so if we centralize this element in 
2 5+‘2 . (S, X 3S,) then we obtain a subgroup of 6Sz, which has the shape 
25t6: (3 X 3A,) = 3 X 25t6: 3A,, where the 25t6 consists of right 
multiplication by elements of the hexacode, and a suitable complementary 
3 X 3A, is generated by the ‘elements given above. We can if we so desire 
consider each quaternionic co-ordinate as a complex 2-space. with basis 
vectors 1 and (j- k>/&, so that right multiplication by i, j, k and w are, 
respectively, written as 
Finally, we turn our attention to the tricode group, which fixes the pairs of 
columns labelled (co, 0), (1,4) and (3, 2). This group can be most easily 
understood if we first transform the base in such a way that the vector 
originally written as (qm , qO, ql, q2, q4, q3) becomes {(qm qqO), kl w q4 wh 
(q3 8, q2 t%)}, and then consider the tricode @j defined over GF( 16) = 
{wnpb:~=0,1;b=0,1,2,3,4},where~5=1,~3=1 andp+p-‘=o,as 
the set of words (x, y, z) satisfying x + y + z = 0. We can then “lift” GF( 16) 
to an extraspecial group 2 !+ 4 whose non-central involutions are &spar where 
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1% %I = -1 if x#y, and E,E~E~~E~~E~~= 1. The code qJ can then be lifted 
to an abstract group 23ss consisting of all words (g, , g,, g3) over 2” 4 
which satisfy g, g, g, = f 1. Then the elements of this group become lements 
of 6S.z when we identify E,, Ed, sp?, E,~ and ep4, respectively, with the quater- 
nionic matrices 
where the matrix 
is interpreted as the map taking (q,, qY) to (q,a + CJ,C, q.r b + qYd) for 
(x,.Y) = (03, O), (L4) or (3,2). 
Now as in the case of the tetracode group any automorphism of the 
extraspecial group 2 1’ 4 or of the code @A induces an automorphism of the 
special group 23+ ‘, and an outer automorphism group S, X Sx arises in this 
way. But only a subgroup A, x S, of this is realizable in 6Sz, and the 
extension 23t8.(A, X S,) is non-split. Modulo {f I} a complementary A, 
may be generated by the elements acting identically on the three pairs OF 
columns, as 
and the S, is generated by the “co-ordinate” permutations (a~ 13)(042) and 
(13)(24), i.e., it permutes the three pairs of columns bodily. 
2. LOCAL SUBGROUPS OF THE SUZUKI GROUP 
2.1. Introduction to the Local Analysis 
We shall make considerable use of arguments involving structure 
constants, using the well-known Fact that for any group G and conjugacy 
classes X, Y, 2 of G, 
where the left-hand sum is taken over all conjugacy classes of ordered pairs 
(x, y) of group elements with xyz = 1, x in X, y in Y and z in Z, and the 
164 ROBERT A. WILSON 
right-hand sum is taken over all irreducible characters x of G. We shall 
denote this expression by @X, Y, Z), and certain values taken by it are given 
in Table III. 
We use the “ATLAS” notation [3] for conjugacy classes, in which classes 
of elements of a given order are lettered in descending order of the order of 
their centralizers. In describing the groups that arise we shall use a number 
of natural abbreviations, so that, for example, N(M) will denote the 
normalizer of a cyclic group of order 5 generated by an element of class 5A, 
TABLE III 
Structure Constants 
X Y 
2A 2A 24 231184320 
2A 2A 2B 0 
2A 28 2B l/512 
2B 2B 28 149/20160 
2A 3A 4A 0 
2A 3A 48 0 
2A 3A 4c 0 
2A 3A 40 0 
2A 38 4A 0 
2A 38 4B 0 
2A 38 4c l/24 
2A 3B 40 0 
2A 3c 4A l/60 
2A 3c 4B 0 
2A 3c 4c 116 
2A 3c 40 0 
2B 3A 4A 0 
28 3A 48 0 
2B 3A 4c 0 
2B 3A 40 l/72 . 
2B 3B 4A 0 
2B 3B 4B l/8 
2B 38 4c 0 
2B 3B 40 5136 
28 3c 4A 0 
2B 3c 4B 112 
28 3c 4c 314 
28 3c 40 3 
2A 3c 13A 3 
2B 3A 3A l/20160 
z 5(X, K Z) X Y Z C(X, Y, Z) 
3A 3A 3A 487/9797760 
3A 3A 3B I/17496 
3A 3A 3c 0 
3A 38 3B 37117496 
3A 3B 3c 0 
3A 3c 3c lo/81 
3B 3B 3B 73312187 
3B 3B 3c 113 
3B 3c 3c 2171810 
3c 3c 3c 134091324 
2A 3A 5A 
2A 3A SB 
2A 3B 5A 
2A 3B 5B 
2A 3c 5A 
2A 3c 5B 
2B 3A 5A 
2B 3A 58 
2B 3B 5A 
28 3B 5B 
2B 3c 5A 
2B 3c 5B 
0 
0 
0 
113 
0 
9120 
l/360 
0 
l/36 
0 
2A 4A 5A 0 
2A 4A 5B 115 
2A 48 5A 0 
2A 4B 5B 0 
2A 4c 5A 0 
24 4c 5B 413 
2B 40 5A 91/18 
2B 40 SB 29 
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whilst N(3C2) will denote the normalizer of an elementary Abelian group of 
order 9 generated by elements of class 3C. We shall also say, for instance, 
that a subgroup isomorphic to A, has type (or in cases where there is risk of 
confusion, Suzuki-type) (2A, 3B, 5B) if its non-trivial conjugacy classes are, 
in the Atlas order for the subgroup in question, of Suzuki-classes 2A, 3B and 
5B. 
’ We deal first with the 3-local subgroups and begin by showing that we 
may restrict attention to the normalizers of two particular types of 
elementary Abelian 3-groups: firstly, those generated by elements of class 
3A, which we call 3A-type elementary groups, and secondly, those 
containing elements of class 3C, which we call 3C-type elementary groups. 
For we see from Table III that any element of class 3B is uniquely, up to 
order, the product of two commuting elements of class 3A, which we shall 
call its factors. If any element of order 3 commutes with a given 3B-element, 
then it must also commute with its factors, since it cannot interchange them. 
Thus given any elementary Abelian 3subgroup X not containing any 3C- 
element, we can adjoin the factors of all the 3B-elements in X to obtain an 
elementary Abelian 3-subgroup Y which is generated by 3A-elements. and 
whose normalizer contains the normalizer of X. 
Moving on now to the 2-local subgroups, we observe that the structure 
constant r(2A, 2A, 2B) is zero, so the product of any two commuting 
elements of class 2A is again of class 2A. Thus the 2A-part of an elementary 
Abelian 2-subgroup of the Suzuki group is (if non-empty) normal in the 
normalizer of that 2-subgroup, and therefore we may restrict attention to 2A- 
pure and 2B-pure subgroups. 
Before going on to study the 2- and 3-local subgroups in detail, we show 
that there is no maximal subgroup of the Suzuki group which is p-local for 
any prime p greater than 3. For p = 5 the normalizers of the cyclic groups of 
order 5 are N(5A) z (D,, x A,).2 and N(5B) g (D,, X A,).2, both of which 
are contained in the non-local subgroup K, E (A, X A,).2. The Sylow 5- 
subgroup has order 25, and is normalized by a group 4 x S, of order 24 in 
J,.2. But by Sylow’s Theorem, the Sylow 5-normalizer in the Suzuki group 
cannot have order 25 x 48, so has order 25 x 24 and is contained in J,.2. 
The Sylow 7normalizer has shape (7.3 x A,).2 and is contained in 
K, E (A4 x L,(4)).2. The Sylow 1 l-normalizer is 11.10, and is contained in 
the outer involution centralizer M,,.2, while the Sylow 13-normalizer is 13.6 
and is contained in G,(4). 
2.2. 3-Local Subgroups of 3A-Type 
Recall that we say a 3-local subgroup is of 3A-type if it has a minimal 
normal subgroup generated by 3A-elements. We shall show that there are 
just three classes of maximal 3-local subgroups of 3A-type. The first is 
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K, = 3U,(3).2, the normalizer of a cyclic subgroup of type 3A. The second is 
the so-called “tetracode” group of shape 32’4: 2(A, x 22).2, and the third is 
the monomial group 3 5 : M, , . 
There is a single conjugacy class of elements of order 3 in U,(3) which 
can lift to elements of Suzuki-class 3A in 3(1,(3), and these have centralizer 
of order 23.36 in U,(3). Thus the Suzuki group contains a single conjugacy 
class of 3’-group generated by 3A-elements, and it has centralizer of order 
23.37 which must therefore be exactly the normal subgroup 3” 4: 2A, of the 
tetracode group. Since this 3*-group contains four elements of class 3A and 
four elements of class 3B, the realizable automorphism group N(32)/C(32) 
can be at most D,, but this much is already visible inside the tetracode 
group, which is therefore the normalizer of this 3*-group. 
Now if x is another element of class 3A commuting with the whole of this 
3*-group, then x is not in the normal 3’+ 4 -subgroup of N(32) since all non- 
central elements of this 3’ t4 -group have class 3B or 3C. Furthermore, the 
group C(32)/3 * E 34: 2A, contains a single class of cyclic 3subgroup 
outside the normal 34-subgroup, and so there is a unique class of 3’- 
subgroup of the Suzuki group generated by 3A-elements, and it arises in this 
way. The centralizer of this 3’-group is easily seen to have the shape 
33 x 32.2, and this has a unique subgroup of index 2, which is just the 
subgroup of the Suzuki group consisting of all the diagonal matrices with 
respect to the given base. Hence the 3’.normalizer is contained in the 
monomial subgroup 3 5 : M, , . Similarly any larger elementary Abelian 3- 
group generated by 3A-elements is contained in the 3’.group of diagonal 
matrices, and indeed has this group as its centralizer, and so its normalizer is 
again contained in 3 5 : M, , . 
2.3. 3-Local Subgroups of 3C-Type 
Recall that we say a 3-local subgroup is of 3C-type if it has a minimal 
normal 3-subgroup containing an element of class 3C. We show in this 
section that any 3-local subgroup of 3C-type is either contained in the group 
(3’.4 X A,).2 = K,, or is contained in the tetracode group N(3A2) = 
32+4: 2(A, x 29.2. 
It is readily deducible from the character table that the normal 32-group in 
K, is of pure 3C-type. Hence the normalizer of a cyclic 3C-group in the 
Suzuki group is just A, x 32.2, since this has the right order, and so is 
contained in K, . The normalizer of this 3 2-group is exactly K,, for if it were 
any bigger it would contain an extra element of order 3, which would 
centralize one of the elements of the 32-group. 
Now the centre of the Sylow 3-subgroup of the Suzuki group has order 9 
and contains four elements of class 3A and four elements of class 3B, so the 
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Sylow 3-subgroup of K, must contain a subgroup of this form. Then the 
remaining elements of order 3 in K, cannot be of class 3A since the structure 
constants @3A, 3C, 3A) and ((3B, 3C, 3A) are both zero, and then they 
cannot be of class 3B since otherwise we could enlarge the 3C-centralizer by 
adjoining the “factors” of such a 3B-element. But then it is clear that the 3A- 
and 3B-elements must be in the A, in K,. 
If Y is now any elementary Abelian 3-group containing a 3C-element z, , 
other than one of the two groups considered above, then its intersection with 
the A, centralizing zi is exactly its 3A/B-part, so is an invariant subgroup 
and may therefore be assumed to be trivial. Thus Y is of order nine, 
generated by z, and zZzl, say, where z, and z2 generate the 3’.group normal 
in K,, and z3 is a non-trivial element of a Sylow 3-subgroup of the A, in K,. 
Therefore C(Y) < C(z,) = C(zZ) and so C(Y) < C(zj). Thus the centralizer of 
Y is exactly the Sylow 3-subgroup of K,, and hence its normalizer is 
contained in the 3A-type local subgroup N(3A’) = 32+4: 2(A, X 2*).2, our 
“tetracode group.” 
2.4. 2-Local Subgroups of 2A-Pure Type 
The centralizer in the Suzuki group of an involution of class 2A is a group 
of the shape 2\+6U4(2). This group contains two conjugacy classes of non- 
central involutions of class 2A. One of these is in the O,-subgroup and gives 
rise to a U-pure four-group with centralizer 22+4.24A, E 22+8: A,, while the 
other is outside the O,-subgroup and gives rise to a 2A-pure four-group with 
centralizer 24+6.32. (As a check observe that this accounts for the structure 
constant &!A, 2A, 24) of l/61440 + l/9216 = 23/184320.) Now we can 
easily see examples of such four-groups in the tricode and hexacode groups 
described above. For in the tricode group 22’8: (A, x S,) the minimal 
normal subgroup is a U-pure four-group, with visible centralizer 22t8: A,. 
But then this must be the whole of the centralizer, and so the tricode group is 
just the normalizer of this four-group. Furthermore, in the minimal normal 
subgroup 24 of the hexacode group 24 t6: 3A, there are 15 four-groups 
conjugate to the one given above, all of whose eigenspaces are four- 
dimensional. The other 20 four-groups in the 24 have one 6-dimensional and 
three 2-dimensional eigenspaces, and the visible centralizer 24t6: 3* must be 
the entire centralizer, and so the normalizer is 24+6: (3y2.2) and is 
contained in the hexacode group. 
Now any larger 2A-pure group Y cannot have only 4-dimensional 
eigenspaces, and so must contain a four-group of the latter type, whose 
centralizer is 24 + 6: 3*. The group Y must therefore be contained in the group 
24+ 6 of right multiplications by elements of the hexacode, considered module 
-1. But the only elements of class 2A in this group are in the central 24, so 
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Y is contained in this 24, and its centralizer is therefore 2”‘.3 and its 
normalizer is contained in the hexacode group. 
2.5. 2-Local Subgroups of 2B-Pure Tvpe 
In this section we shall show that any subgroup with a non-trivial 2B-pure 
normal subgroup is contained in one of the live groups 
(A4 X L,(4)).2 =K4, 
(A, x 3*.4).2 =&, 
2 ‘+‘: (A, x S,), the “tricode group,” 
24+6: 3A,, the “hexacode group,” or 
3*+ 4: 2(A, x 2*).2, the “tetracode group.” 
Firstly, note that 2B-elements lift to elements of order four in the double 
cover 2Sz, and every extraspecial 2-group except Q, contains non-central 
involutions, so there can be no 2B-pure group of order more than 4. Now the 
involutions t,, t, and t, of the A, normal in K, are of class 2B, since they 
centralize an element of order 7. Thus the centralizer of an element of class 
2B has the shape (2* x L,(4)).2, since this has the right order. In other 
words, C(t,) = C(t,, t,).2 is contained in K,, which is just the normalizer of 
the four-group Vi = (to, ti) in the Suzuki group. 
Now any other 2B-element in the centralizer of t, must be either diagonal 
or outer, since all involutions in the L,(4) have class 21. There are thus two 
further classes of 2B2-group, represented by I’, = (to, t, JJ) and V, = (to, z), 
where y is an involution in the L,(4) and z is an involution in the outer half 
of K,. Then the centralizer of V, has the form 2* x 22+4, which has centre 
of order 24 containing a unique 2,.pure four-group, and so from the 2A-pure 
local analysis the normalizer of V, is contained in either the tricode group or 
the hexacode group. Also, the centralizer. of V, has the form 2* X M,, whose 
Sylow 3-subgroup is normal and elementary Abelian of order 9 and pure 3C- 
type, and so from the 3C-type local analysis the normalizer of V, is 
contained in either the tetracode group or K,. 
3. INTRODUCTION TO THE NON-LOCAL ANALYSIS 
Assuming the classification of finite simple groups (of course, much 
weaker assumptions would suffice), the following is a complete list of non- 
Abelian characteristically simple groups whose order divides the order of the 
Suzuki group: 
A,, n = S,... 13; A, x A,, A, x A,; 
L,(q), q = 7, 8, 11, 13, 25, 27, 64; 
L,(3), L,(4), L,(9), L,(3); 
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U,(3), U,(4), U,(2), U,(3), U,(2); 
&7,(2), O,‘(2), G,(3), G,(4), W8), *F,(2)‘; 
Of these we can immediately eliminate the groups A,, for n = 8,... 13, 
L,(Q L,(27), L,(3), U,(3), @,(2), O,+(2), G,(3), W3), *E,(2)’ and M,, 
since there is no restriction of the 12-dimensional projective character to any 
of these groups. We can also eliminate L,(64) and L,(9) since they have 
elements of orders 63 and 91, respectively. Since the elements of order 20 in 
the Suzuki group have fourth power of class 5.4 and fifth power of class 4A, 
any A, x A, would have to contain both 4A- and 5A-elements in both 
factors. But there is no element of order 3 commuting with both 4A- and SA- 
elements, so there is no A, x A,. 
Of the remaining groups, G,(4) is the subgroup from which Suzuki 
originally constructed his group, and contains subgroups isomorphic to J,, 
U,(3), U,(4), L2(13), L,(7), A5 and A, x A,. Next, M,,.2, containing M,, 
and L2( 1 l), is the centralizer of an outer involution of class 20, and in any 
case we shall in a later section construct M,, as a monomial group on a set 
of twelve mutually orthogonal vectors. The stabilizer of a minimal vector in 
the lattice is U,(2) and contains U,(2), whilst L,(4) is in the local subgroup 
K,. The remaining groups L,(3), A, and L,(25) were explicitly constructed 
on a computer, and matrix generators are given in the appropriate sections 
below. 
Thus we have shown that the following is a complete list of those non- 
Abelian characteristically simple groups which actually occur as subgroups 
of the Suzuki group: 
A,, A,, A,, A, x A,; 
L,(q), q = 7, 11, 13, 25; 
L,(3), L,(4), U,(3), U,(4), U,(2), U,(2); 
G,(4), M,l, Mn, J,. 
The remainder of this paper is devoted to the much more difficult problem 
of exactly determining the conjugacy classes of such groups, and their 
normalizers. There are three main methods we have employed in order to do 
this. The first is to use arguments based on enumeration of structure 
constants, which works particularly well in the case of A,, and also turns out 
to be useful in the cases of A, and L,(3). The second is to show that the 
group in question must fix either a point in the 1782-point graph (as is the 
case for G,(4), J,, U,(3) and U,(4)), or a vector in the lattice (as is the case 
for U,(2), U,(2) and M,,). The third method is to generate the group by 
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taking successive normalizers, which, if it hoesn’t give the result 
immediately, at least gives a way of conducting an exhaustive computer 
search. This was done in the cases of A,, L,(7), L,(ll) and L2(25), among 
others. Note that whenever we write out explicit vectors or matrices we shall 
always write the co-ordinates in the order co, 7, 6, 8, X, 2, 0. 3, 4, 1, 9, 5, 
derived from the MINIMOG arrangement. 
4. THE ALTERNATING GROUPS. AND L2(7) AND L2(25) 
4.1. Subgroups Isomorphic to A, 
There are six non-zero structure constants of type (2.3.5). We shall deal 
with each of these separately. 
4.1.1. A5’s of Type (2B, 3A, 5A) 
The centralizer of an element of class 5A is 5 x A,, and the structure 
constant <(2B, 3A, 5A) is l/360, so there is a unique class of A, of this type, 
and its centralizer is the whole of this A,. Its normalizer is then the group 
K, = (A, x A,).2. 
4.1.2. A,‘s of Type (2B, 3B, 5A) 
The centralizer of an element of class 3B is a soluble group of order 2J.37, 
whereas that of an element of class 5A is 5 x A,. Thus the centralizer of an 
A, of this type is a subgroup of A, whose index is divisible by 5, and hence 
has order dividing 36. But the structure constant <(2B, 3B, 5A) is l/36, so 
there is just one conjugacy class of A, of this type, and its normalizer is 
(A5 x 3*: 4).2 and is contained in the group K, = (A, X 3*: 4).2. 
4.1.3. A,‘s of rvpe (2B, 3C, 5A) 
The elements of prime order centralizing an element of class 5A are of 
class 2A, 3C, 5A or SB, whereas those centralizing an element of class 3C 
are of class 2B, 3A, 3B, 3C or 5A, so any such element centralizing an A, of 
this type must be of class 3C or 5A. But the centralizer of neither of these 
elements contains an A, of this type, so any such A, must have trivial 
centralizer. Now the structure constant <(2B, 3C, 5A) is 1, so there is a 
unique class of such groups A,, and its normalizer is S,. But there is an A, 
of this type in Jz which is maximal therein, becoming S, in J,.2, so there is 
no maximal A,-normalizer of this type in the Suzuki group. 
4.1.4. A,‘s of Type (2B, 3C, 5B) 
The elements of prime order centralizing an element of class 5B are of 
class 2B, 3A, 5A or 5B, while those centralizing an element of class 2B are 
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of class 2A, 2B, 3C or 5B, so comparing this with the above list for 3C- 
elements we see that the only such elements that could centralize this kind of 
A, would be of class 2B. But the centralizer of a 2B-element contains no A, 
of this type, so any such A, has trivial centralizer. 
Now observe that &2B, 3C, 5B) = 3. We know that, up to conjugacy, 
G,(4) contains just one such A,, which is self-normalizing therein, and is not 
contained in J,. Since the SB-element fixes just two points in the 1782-point 
representation, and the pointwise stabilizer of this pair of points is J,, this A, 
must fix exactly one point. Thus the normalizer of this A, is contained in 
G,(4) and is just A,. Now M,,.2 and L,(25) each contain an A, of this type 
with normalizer S, (see Sections 4.6 and 6.4). Thus such an A, is not 
conjugate to the one in G,(4), and so we have accounted for the entire 
structure constant of 3. Note that this also shows that the Ag’s of this type in 
M,,.2 and L,(25) are conjugate in the Suzuki group. 
4.1.5. A,‘s of Type (2A, 3B, 5s) 
Since C(5B) = 5 x A,, of type (5B) x (2B, 3A, 5A), and C(3B) is a 
soluble group of order 24 x 3’ all of whose involutions have class 21, any 
A, of this type can be centralized by at most a cyclic group of order 3, 
generated by an element of class 3A. But the total structure constant 
QA, 3B, 5B) is just l/3, so there is just one conjugacy class of such groups 
A,, which have centralizer of order exactly 3. Thus any A, of this kind is 
contained in 3U,(3), in which it has normalizer 3 x S,, so this is also its 
normalizer in the Suzuki group. 
4.1.6. A,‘s of Type (2A, 3C, 5B) 
Consider the subgroup K, = (A4 x L,(4)).2 of the Suzuki group. The 
subgroup L,(4) of this contains seven conjugacy classes of A,, and they are 
all of Suzuki type (2A, 3C, 5B). Two of these are in a group A z A, with 
N(A) = K, g (A, x A,).2 and are interchanged by an element of N(A)\C(A). 
Since C(A) is the whole of the A, in C(5B), this gives rise to a single class of 
A, of type (U, 3C, 5B) in the Suzuki group, with normalizer A, x A, 
contained in K,. 
Now we know from Table III that there is a unique class of A, of type 
(2B, 3A), with normalizer (A4 X L,(4)).2, and we have just shown that there 
is a unique class of A, of type (2B, 3A, 5A), so by counting, each of these 
A,‘s extends to just 56 of these As’s, which are thus just the centralizers of 
the 56 subgroups of L,(4) isomorphic to A, and of type (U, 3C, 3C, 4A, 
5B). In other words, this tells us that the remaining AS’s in L,(4) cannot be 
centralized by an element of order 5, and so their centralizers are exactly A,. 
Thus they are not conjugate in the Suzuki group either to each other or to 
the A ,‘s previously considered, and they account for the remainder 4112 of 
the structure constant. 
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4.2. Subgroups Isomorphic to A, x A, 
Since the centralizer of an element of class 5A has the shape 5 x A,, with 
the A, of type (U, 3C, 3C, 4A, 5B), and the centralizer of an element of 
class 5B has the shape 5 x A,, with the A, of type (2B, 3A, 5A), it is clear 
that any subgroup of the Suzuki group isomorphic to A, x A, must have 
type (2B, 3A, 5A) x (2A, 3C, 5B). Then given any element of class 5B in the 
second factor, the first factor is determined as the A, centralizing it, and 
given any element of class 5A in this, there are two choices for the second 
factor, that is, the two A,‘s in the A, centralizing the 5A-element. But these 
two A,‘s are interchanged by the outer automorphism of A, x A, (see 
Section 4.1.6), so there is a unique class of A, x A, in the Suzuki group, and 
it is self-normalizing. Furthermore, it is contained in the known subgroups 
(A, x A,).2 and G,(4). 
4.3. Subgroups Isomorphic to A, 
To find the possible class fusion maps, note first that elements of classes 
4A, 4B and 4C square to involutions of class 2A, whereas those of class 40 
square to elements of class 2B. Thus the only relevant non-zero structure 
constants are those for the triples (24,4A, 5B), (2A, 4C, 5B), (2B, 40,5A) 
and (2B, 40,5B). To find the possible classes of elements of order 3, use the 
condition that all the A,‘s and S,‘s must exist, and that the 12.dimensional 
character must restrict as an integral sum of characters of 6A,. This reduces 
the list to: 
Character Structure 
Class fusion restriction Lift in 6Sz constant 
(a) (ZQ, 3B, 3B, 4C, 5B) 2 X la + 5a + 56 6 x A, 
(b) (24,3C, 3C, 4C, 5B) 2 x 6a 2x3A, i 
413 
(c) (2A,3C, 3C, 4A, 5B) 2 x (3a + 3b) 2x3A, 115 
(d) (2B, 3A, 3B, 40,5A) 3 x 4a 3X2A, 91118 
(e) (2B, 3C, 3C, 40,5B) 6b + 6c 6J46 29 
4.3.1. A6’s of Types (a), (6) and (c) 
We have shown that there is a unique class of A, of type (U, 3B, 5B), 
and that its normalizer has the shape 3 x S, and is contained in K,. Now 
the odd permutations of the S, must have classes 2A, 60 and 4C, since there 
is a subgroup S,. Also, S, may be generated by a transposition and a 4- 
cycle whose product has order 5, in an essentially unique way, and so this 
gives a contribution of l/3 to the structure constant {(ZQ, 4C, 5B). 
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Now for any L,(4) in the Suzuki group it can be deduced from the 
character tables that the three classes of elements of order 4 in L,(4) must be 
of Suzuki-classes 4A, 4C and 4C, respectively (see Section 5.6). 
Furthermore, for each class of 4-element in L,(4) the (2,4, 5)structure 
constant is 8, half of which is accounted for by a self-normalizing A, in each 
case (one of these A,‘s therefore has type (c) and the other two have type 
(b)). Also, there are two classes of 24: D,,, which are interchanged by the 
outer automorphism involved in the Suzuki group; they are self-normalizing 
and each one contributes 2 to each of the three (2,4,5)-structure constants. 
Now we know that the centralizer of an element of class 5B has the shape 
5 X A, and the normalizer of this A, is the group K, = (A, x A,).2, in which 
the A, has type (c), so this gives a contribution of l/30 to the structure 
constant <&I, 4A, 5B). Since the centralizer of an element of order 5 in the 
A, is just 5 x A,, and the centralizer of any A, in the A, is just L3(4), this 
means that any subgroup of L,(4) which has trivial centralizer in L,(4) and 
is not contained in this A, must have centralizer exactly A, in the Suzuki 
group. In particular, the other two classes of A, in this L,(4) have centralizer 
A, and normalizers of the shape (A4 X A&2, so give a further contribution 
of l/3 to the structure constant <(2A, 4C, 5B). Furthermore, the two classes 
of 24: D,, give rise to a single class of A, x 24: D,, in the Suzuki group, 
giving a contribution of l/6 to the structure constant @A, 4A, 5B) and a 
further l/3 to @A, 4C, 5B). 
We have now accounted for all of the structure constant &2A, 4A, 5B) 
and all but l/3 of @A, 4C, 5B). Also, we have found all A,? containing 5B- 
elements and centralized by elements of order 2 or 5, so there can be at most 
one remaining class of A,, and if it exists it must have centralizer of order 
exactly 3, and normalizer contained in K, = 3U4(3).2. In fact it is not 
difficult to see that there is such an A,, that it is of type (a), and that its 
normalizer has the shape (3 x S,).2. 
4.3.2. A,‘s of Type (d) 
We have shown above that the A, with normalizer K, = (AA, x 3*: 4).2 
contains elements of class 3A and so is of type (d). We have also shown that 
there is a unique class of A, of type (2B, 3B, 5A), and that any 3B-element 
is the product of two commuting 3A-elements in a unique way. But in an A, 
of type (d) a 3B-element is the product of two 3A-elements, so there is a 
unique way of extending this A, to an A, of type (d), and there is therefore a 
unique class of A, of this type in the Suzuki group. 
4.3.3. Ah’s of Type (e) 
Any A, of this type must contain two classes of A, of type (2B, 3C, 5B). 
Now we have shown that there are two classes of such A, in the Suzuki 
group, of which one is self-normalizing, while the other has normalizer S,. 
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Any A, of type (e) can therefore be constructed by taking one of these A,‘s 
and adjoining a 3C-element commuting with a given 3-element in the A, in 
such a way that both the product and the quotient of these 3C-elements are 
also of class 3C. Since the centralizer of a 3C-element has the shape 32 x A, 
in which all elements of order three except those in the A,, are of class 3C, 
this gives 81 possible 3C2-groups in each case. 
We checked through all these cases by computer and found that the self- 
normalizing A, extends to a unique A,, whereas the other A, extends to two 
different A6’s, which are interchanged by the outer automorphism of the A,. 
Now these As’s become 6A, in 6Sz, so no outer automorphism is realizable 
in the Suzuki group. Thus by counting there can only be one class of such 
A 6, which contains representatives of both classes of A, of type 
(2B, 3C, 5B), and it is self-normalizing. 
4.4. Subgroups Isomorphic to A, 
Since no element of class 2A commutes with any element of class 3C, and 
since there is no A, of type (2,4, 3A, 5B), the only possible class fusion for 
A, is (2B, 3C, 3C, 4D,5B, 6E, 7A). Thus any A, must contain an S, of type 
(2B, 3C, 5B; 2B, 40,6E), of which there is a unique class in the Suzuki 
group. But we have shown above that this A, is contained in just two A6’s, 
and a computer check showed that indeed such an A, was generated by these 
two A6’s, so there is a unique class of A, in the Suzuki group. Since the other 
class of A, in A, (and so in A,) is self-normalizing in the Suzuki group, so is 
A,. The following matrices were verified to satisfy the presentation 
(t, u 1 t2 = u4 = (tu)’ = [t, u]” = (tutu2tu3)3 = 1) for A,, where cr = 1 + 30: 
t=f 
- 0 -1 -1 -1 0 0 0 2 -1 -1 0 0 
100011-200011 
1000-21100011 
10001110001-2 
0 -1 2 -1 0 0 0 -1 -1 -1 0 0 
0 -1 -1 -1 0 0 0 -1 2 -1 0 0 
0 2 -1 -1 0 0 0 -1 -1 -1 0 0 
-2 0 0 0 1 1 1 0 0 0 1 1 
10001-2100011 
1000111000-21 
0 -1 -1 -1 0 0 0 -1 -1 2 0 0 
_ 0 -1 -1 2 0 0 0 -1 -1 -1 0 0 
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1 
u=% 
w aw w 1 w 1 al 1 1 E -2 w 
-2 -2 0 w Co w 1 -26 aW 6 0 0 
13 W 1 aw 1 w 6 -2w w -2w w -2 
w 0 -26 1 0 -2 0 1 a -2 1 & 
w -2w -26 a -26 1 0 1 I 1 1 W 
w cc) EC5 1 0 1 -2w d 1 1 1 w 
-20 w W I -26 1 aw 1 1 -2 1 w 
1 -2 w Cs, w -26 a 65 6 6 0 -20.1 
-26 w -2 w 1 w d w w w aw -2 
co w c.5 1 crw 1 0 1 -2 1 1 aw 
ts 1 w -20 w do 1 ti w w w w 
c3 w 1 w -2 -2w cii -2w w cc) aw 1 
4.5. Subgroups Isomorphic to L,(7) 
The enumeration of L,(7)% was again done mainly by computer. There is 
a single class of 7-element in the Suzuki group, and the cyclic group 
generated by it has normalizer (7.3 x A,).2. Thus there are two classes of 
Frobenius group of order 21, one with normalizer (7.3 X A,).2 and one with 
normalizer 7.3 x 3. In both cases the 3-elements in the Frobenius group are 
of class 3C, so have normalizers of the shape 3*.2 x A,, and each of the 3C- 
elements is therefore inverted by 9 x (1 + 45) = 414 involutions. We tested 
each of these involutions to see whether its product with the element of order 
7 was of order 3, since L,(7) has a presentation (x,y, z 1 x7 = y” = z* = 
(xz)’ = 1, xy = x2, y” = y’). 
In the first case, where the Frobenius group has normalizer (7.3 x A,).2, 
we found that the only involutions passing this test were three of those (of 
class 2A) in the normal 3*.2-group of the 3-normalizer. Since any involution 
inverting our 7-element centralizes the 3-element, it must be in the A, and so 
also centralizes each of these three M-elements inverting the 3-element. Thus 
we have found three distinct classes of L,(7), each with centralizer A, and 
normalizer (A,, x L,(7)).2 contained in K, = (A4 x L,(4)).2. 
In the second case, where the Frobenius group has normalizer 7.3 x 3, we 
found that there were seven involutions passing the test, one of class 2A 
centralized by the extra element of order 3, and six of class 2B falling into 
two sets of three under conjugation by this element. Thus we have one class 
of L,(7) containing U-elements, and since there is no 7.6 containing this 
7.3, this L,(7) has normalizer 3 x L,(7) contained in K, = 3U,(3).2. As a 
check, note that this accounts for the entire structure constant 
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r(2A, 3C, 7A) = 3/12 + 213 = 1 l/12. In addition, we have two classes of 
L,(7) containing 2B-elements, each of which is self-normalizing. so these 
must both be contained in the A, discussed in Section 4.4.. 
4.6. Subgroups Isomorphic to L,(25) 
Since L,(25) has no non-trivial 1Zdimensional representation, the 12. 
dimensional representation of 6Sz must restrict to one of the (automorphic) 
faithful irreducible 12-dimensional representations of 2L,(25), and the class 
fusion is therefore (2B, 3C, 40, SA, 5B, 6E, 120, 13A/B). Now the Sylow 5- 
normalizer in the Suzuki group has the shape 5*: (4 x S,), which has a 
unique subgroup of the shape 5*: 12, which is the shape of the Sylow 5- 
normalizer in L,(25). Any L,(25) can therefore be constructed by taking this 
52: 12 and adjoining an involution inverting a particular element of order 12 
therein. But such a 1Zelement is of class 120 in the Suzuki group, and so its 
fourth power is of class 3C. Thus the group of elements centralizing or 
inverting it is contained in the 3Cnormalizer and is easily seen to have the 
shape (3* X 4).2 E 12: S,, where the elements in the outer half invert every 
element in the inner half. This group contains just three dihedral groups of 
order 24 containing the given 12-element, so there are at most three classes 
of L,(25). We used a computer to check the three cases and found that there 
is just one class of L,(25) in the Suzuki group. The matrices given below 
were verified to satisfy the following presentation for 2 x L,(25), modulo 
scalars: (f,,Sz,~,tIf:=f:=s’*=f2=StS=f;f2=f~f:f,= [f,,f*)= 
(tf,)3 = l), where a = 1 + 3w. 
f, =& 
6 l.$j w 0 03 w 6 -26 -26 -2ti -26 -2w 
w -26 &j -26 -2ti 0 cii cc, w -20 w -26 
6 -26 -26 w -26 w cil w -26 w -2w 0 
w Q -26 -2w w -26 c.ii w 6 -2w -26 0 
0 ti w -20 -26 -20 ti -20 -26 0 w 6 
cc -26 -26 0 cii -26 ci3 -26 w w w -20 
w w w w w w 40 w w w w w 
-2w -20 w w w -20 w w -20 -2w w w 
-2w w w w -2w -20 w w w w -2w -2w 
-20 w -2w -20 w w w w -20 w w -2w 
-20 w -2w w -20 w w -2w w -2w w w 
-20 -20 w -20 w w w -20 w w -20 w 
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J?=f 
1 
s=3e 
1 
l=5e 
‘-1 0 0 0 -I3 1 0 -6 cs -4 --w -1 
0 w -1 -2 0 --w 6 0 -0 0 0 0 
-4 0 w 0 -1 w 0 -1 w -1 -co -1 
w -0.l 0 -1 w o-ww 0 w w 1 
l-l o-dW o-w 10 w 1 1 
0 -2 -6 63 0 -1 0 0 --o 0 0 0 
0 ci-ww 04-2 0 -1 0 0 0 
-1 0 1 0 -1 1 0 --w 1 -1 4 -1 
-w 0 w 0 -1 1 
-0 0 w 0 4 1 
w -8 0 -w w 0 
.--w 0 ci 0 -1 0 
ao w 1 Co 1 1 
1 1 w -2 fi -26 
1 1 0 1 w aw 
1 tic5 -2 a6 W 
w w w w co aw 
1 1 a0 1 (r, W 
a 1 0 1 w w 
w w -2 -2w 1 1 
1 1 cF-0 1 w 0 
w -26 w w -2w w 
w aw 1 -2~ E 1 
-28 (3 w -26 w w 
0 -1 c.3 -0-w-o 
0 -w w -1 -1 --cc) 
-1 
w Oowl 
0 -0 c5 -1 -1 -1 J 
w w 1 1 -2w a 
1 -2 w -2w -2 w 
1 1 -20 aw 1 w 
1 low10 
w ti -20 aw W 0 
a -2 w w 1 0 
llW6 -2 Eti 
-2W w -2 1 -2cu 1 
a -2 w w 1 w 
0 -26 -20 w -2d w 
w co 1 1 w 1 
8 -26 -20 0 0 -2w 
1 0 cu 1 cow 1 63 tic3 -2w cii 0 
w 1 1 -2w W a0 co 1 -2 ti -2 1 
w 1 1 -2w a6 0 w -2 1 ti 1 -2 
1 -20 -2c3 -2 w w 1 6 Cii aw 13 6 
w w tic0 6 -2 1 w 0 Co 1 Eo w 
6 aw Co 0 l-2 03 w w 1 w dw 
1 cu w 1 ww -2 W 0 au -26 -26 
a0 1 -2 w 0 0 w 1 -2 6 1 -2 
aw -2 1 w W (5 0 -2 1 d -2 1 
-26 w w ao 1 1 aw w w 1 0 w 
w -2 1 0 ai W -2w 1 -2 cz 1 1 
w 1 -2 w 5 a5 -2w -2 1 8 1 1 
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5. SUBGROUPS WITH SMALL ORBITS IN 
THE 1 782-POINT REPRESENTATION 
5.1. Subgroups Isomorphic to G,(4) 
The only subgroups of G,(4) with index not more than 1782 are J, with 
index 416, and the two maximal parabolic subgroups, each with index 1365. 
Thus any G,(4) in the Suzuki group must fix a point in the 1782.point 
permutation representation. But the point-stabilizer in this representation is 
exactly G,(4), so there is a single conjugacy class of G2(4) in the Suzuki 
group, and it is self-normalizing. 
5.2. Subgroups Isomorphic to the Hall-Janko Group Jz 
Since the only subgroup of J, with index not more than 1782 and not 
divisible by 5 is D,, x A,, of index 1008, any J, must fix a point in the 
1782-point graph, and so must be contained in G,(4). But G,(4) contains a 
unique class of J,, so there is a unique class of J, in the Suzuki group, and 
its normalizer is 3,.2, the stabilizer of an edge in the graph. Note that .I?.2 is 
the centralizer of an outer involution of class 2C. 
5.3. Subgroups Isomorphic to L,(13) 
Here the only way the 12.dimensional representation of 6Sz can restrict is 
as the sum of the two faithful irreducible 6-dimensional representations of 
SL,( 13). Given any element z of order 13 in SL,( 13) and any primitive 13th 
root [ of unity, the eigenvalues of z are [” with m a quadratic residue 
mod 13 on one 6-space, and m a non-residue on the complementary 6-space. 
Since SL,(13) is maximal as a 6-dimensional group (see IS]), it is uniquely 
determined in this way by any element of order 13 it contains. But the nor- 
malizer in the Suzuki group of a cyclic group of order 13 is a Frobenius 
group of order 78, which is already contained in L,(13), so L,(13) is self- 
normalizing in the Suzuki group. Furthermore, it is contained in G,(4) and 
so is not maximal. 
5.4. Subgroups Isomorphic to U,(3) 
From the character tables we see that the 12.dimensional representation 
must restrict to U,(3) as the sum of two copies of the 6-dimensional quater- 
nionic representation. This determines the class-fusion except in the case of 
the elements of order 8, but these must be of Suzuki-class 8A, since these are 
the only elements of order 8 which square to elements of class 4A. Thus any 
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U,(3) in the Suzuki group must be of type @A, 3A, 4A, 4A, 6A, 7A, 8A. 
12A). 
We can now calculate that the 1782-dimensional permutation character 
restricts to U,(3) as 12x la+2~7a+3X7b+3X7~+14X 14a+ 
14 x 21~ + 9 x 21b + 9 x 21~ + 10 x 27~ + 8 x 28~ + 8 x 28b + 2 x 32~ + 
2 X 32b, and use this to show that U,(3) must fix a point. For the element of 
order 7 fixes just four points, and the only subgroups of U,(3) with index 
prime to 7 are as follows: 
Subgroup Index Permutation character 
U,(3) 1 1U 
L,(7) 36 la + 7b + 7c + 21~2 
7.3 288 la+76+7c+21a+... 
7 864 lu+7b+7ct... + 5 x 32a t 5 X 32b 
Thus there can be no orbit of length 864, and at most three orbits of length 
36 or 288, so there must be a fixed point. Hence any U,(3) is contained in 
some G,(4), and there is a unique class of U,(3) in G,(4), so there is a 
unique class of U,(3) in the Suzuki group. 
Now the centralizer of U,(3) is contained in the A, centralizing an element 
of order 7, but does not contain any 2B-elements ince U,(3) contains 3A- 
elements. But there is a 3 x U,(3) in the 3A-centralizer 3U,(3), so any U,(3) 
has centralizer of order 3 and normalizer H, E (3 x U,(3)).2 contained in 
K, z 313,(3).2. 
5.5. Subgroups Isomorphic to U,(4) 
The maximal subgroups of U,(4) are as follows: 
2*t4: 15 index 65 
5xA, index 208 
5*: s, index 416 
13.3 index 1600 
and of these only the last has index not divisible by 13. Now an element of 
order 13 fixes just one point in the 1782-point permutation representation, so 
there must either be a fixed point of U,(4) in this representation, or an orbit 
of size 1600. But this latter case cannot happen, since there is no way of 
splitting the remaining 182 points into orbits. Thus any U,(4) in the Suzuki 
group must fix a (unique) point in this representation, and so its normalizer 
is contained in a (unique) G,(4). 
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5.6. Subgroups Isomorphic to L,(4) 
Firstly, we note that the only way the 12-dimensional representation can 
restrict is as the sum of two copies of the 6-dimensional representation of 
6L,(4). This determines the class fusion map except for the elements of order 
four, and then there is only one possibility which gives the 1782-dimensional 
permutation character an integral trace on restriction to L,(4), viz., (2, 3C, 
4A, 4C, 4C, 5B, 7A). Any L,(4) contains just three classes of A,, each 
containing 4-elements of a different L,(4)-class, and so must contain just one 
class of A, of Suzuki type (U, 3C, 3C, 4A, 5B). But we have shown in 
Section 4.3.1 above that there is a unique class of such A, in the Suzuki 
group, so we may suppose that we are given such an A, and ask how we can 
extend it to an L,(4). 
LEMMA. Any L,(4) in the Suzuki group has the following orbit sizes on 
the 1782 points: 21, 21, 120, 120, 120, 120 and 1260. 
Proof By standard character theory there are seven orbits. Now the 
elements of order 7 fix just four points, and the only subgroups of L,(4) with 
order divisible by 7 are L,(4), L,(7), 7.3 and 7, with indices 1, 120, 960 and 
2880, respectively. But the point stabilizer in the 1782-point representation is 
G,(4), which contains no L,(4) (see [4] or [ 1 l]), and so no L,(4) can have a 
fixed point. We also know that the stabilizer of any set of four points, any 
pair of which are joined, is the group H, of the shape (A4 x L,(7)).2, in 
which the L,(7) has type (2,4, 3C, 4A, 7A) and the A, is the unique A, 
centralizing an element of order 7. Furthermore, G,(4) contains just two 
classes of L,(7), one as above and the other of Suzuki-type (2,4, 3C, 4C, 
7A). Since there is not room for an orbit of size 2880, or for more than one 
orbit of size 960, there must be at least three orbits of size 120. But since 
L,(4) contains just two classes of L,(7) of the latter type, at most two of 
these orbits can be accounted for in this way. Thus there is a representative 
of the first type of L,(7) in our L,(4), and there are therefore four orbits of 
size 120. 
Now from the 2-local analysis we know that any group of the shape 24A, 
in which the normal 2-group is pure 2,4-type must be contained in the 
hexacode group 24 + 6 : 3A,, and furthermore if it contains elements of class 
3C, then it must be contained in the subgroup 24t6: (3 x A,) of this which is 
contained in G,(4). Thus both classes of 24A, in L,(4) must fix a point, and 
so there are two orbits of size 21. We have found six orbits, so the remaining 
1260 points must form the remaining orbit. This concludes the proof of the 
lemma. 
Restricting this permutation representation further to the A, of Suzuki- 
type (U, 3C, 3C, 4A, 5B) in L,(4), the orbits of size 21 each split as 6 + 15, 
whereas those of size 120 split as 15 + 15 + 90. To show that there can be 
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no other orbit of size 6 or 15, observe that there is an outer automorphism of 
this A, extending it to Ml,,, which must fuse the two orbits of size 6, and 
fuse all orbits of size 15 in pairs. Thus any S, in A, fixes a point in exactly 
half the orbits of size 15, and so any element of order 3 in A, fixes exactly 
three points in half the orbits of size 6 or 15, and no points in the other half. 
But then we have already accounted for the 18 fixed points of this element, 
so there can be no other orbits of size 6 or 15. 
Considering the representation of L,(4) on the two orbits of size 21, we 
have the following restrictions to the subgroups L,(4) > A, > A, < 
24: A, < L,(4): 
L,(4) 21 + 21 
A6 6 +15+6+ 15 
A5 1+5+15+6+10+5 
24: A, 1+ 20 + 16 +5 
Now the two fixed points of an element of class 5B are joined in the1782- 
point graph, so any point in one of the 21-orbits is joined to every point in 
the 16-orbit of the point-stabilizer 24: A,. But it is not joined to any of the 
other 20 points of the same 21-orbit, for if it were then the subgraph on these 
21 points would be a complete graph, which is absurd. Also, it is not joined 
to any of the points in the 5-orbit of the point-stabilizer, since J, contains no 
2A-pure subgroup of order 16. ’ 
Any L,(4) in the Suzuki group may thus be defined as the stabilizer of a 
set of 21 points, no two of which are joined, formed as the union of a given 
6-orbit and some 15-orbit under a given A, of the above type. But the 
centralizer of this A, is an A,, and the centralizer in the Suzuki group of any 
A, in this A, is exactly L,(4), so we already know of five conjugate L,(4)‘s 
containing our given A,. Thus for a given 6-orbit under this A, we know five 
15orbits containing 10 points it is joined to, and five 15-orbits containing no 
points it is joined to. But this accounts for all the 15-orbits, so there is no 
other way of obtaining an L,(4) in the Suzuki group. Thus there is a unique 
class of L,(4), and its normalizer is the local subgroup (A4 x L,(4)).2. 
Remark. By character theory any L,(4).2 has just six orbits on 1782 
points, so the two orbits of size 21 are fused, and the other orbits stay as 
they are. The A, acts by permuting the four orbits of size 120, and so the 
entire group K, = (A4 x L,(4)).2 has three orbits, of sizes 42, 480 and 1260. 
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6. SUBGROUPS WITH SMALL ORBITS OF VECTORS 
6.1. Subgroups Isomorphic to U,(2) 
The only possible restriction of the 12-dimensional representation to U,(2) 
is as la + 1 la, so any U,(2) must fix a vector. But by an earlier remark, any 
subgroup fixing a vector must lie in either the minimal vector stabilizer 
U,(2) or the monomial group 3’: M, I , and so any U,(2) is just the minimal 
vector stabilizer. Thus there is a unique class of U,(2) in the Suzuki group, 
and it is self-normalizing. 
Remark. Calculation shows that the permutation character of the Suzuki 
group on these 32760 points is la + 143~ + 364a + 5940~ + 12012~ + 
14300~. Also, U,(2) has orbits 1 + 891 + 2816 + 2970 + 5346 + 20736 on 
the 32760 minimal vectors, and is transitive on the 1782 points in the graph. 
6.2. Subgroups Isomorphic to U,(2) 
Here the only possible restriction of the 12.dimensional character is as 
la + 5a + 6a, so any U,(2) must fix a vector, and so must be contained in 
the minimal vector stabilizer U,(2). But U,(2) contains a unique class of 
U,(2), so the Suzuki group also contains a unique class of U,(2). Now K, 
contains a subgroup 3 X U,(2), and this U,(2) contains an A, of type 
(2.4,3B, 5B), which has centralizer only of order 3, and so the centralizer of 
U,(2) in the Suzuki group has order 3. Furthermore, there is no U,(2).2 in 
the Suzuki group, since the outer automorphism of U,(2) fuses the two 5 
dimensional representations, and so the normalizer of any U,(2) in the 
Suzuki group is just 3 x U,(2) and is contained in the local subgroup K,. 
6.3. Subgroups Isomorphic to L,(ll) 
From the character tables we see that there are two possible class-fusion 
maps for L2( 11) in the Suzuki group, as follows: 
(a) (2.4,3B, 5B, 60, 1 IA), lifting to 6 X L,(ll) in 6S2, with 12. 
character restricting as la + la + 10a; 
(b) (2B, 3C, 5B, 6E, llA), lifting to 3 x 2L,(ll) in 6Sz, with 12- 
character restricting as 6u + 6b. 
Now suppose we have an element of order 11 in L,( 1 l), so that its 
normalizer in the Suzuki group is 11.10 and its normalizer in L,(ll) must be 
the unique subgroup 11.5 in this. Then take any element of order 5 in this 
group 11.5, which has Suzuki class 5B and so has normalizer (5.2 X A,).2. 
But the normalizer of an element of order 5 in L,( 11) is a dihedral group of 
order 10, of which there are 16 containing the given element of order 5. Now 
our original 11-element together with such a D,, will generate a group 
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isomorphic to L,(l 1) if and only if one of the involutions in this dihedral 
group is such that its product with the element of order 11 has order 3. 
Furthermore, any L,(ll) can be generated in this way, so we used a 
computer to check on the orders of these 80 products. We found that exactly 
two of these were of order 3, one of these being obtained from one of the live 
involutions (of class 2A) commuting with the A,, and the other being 
obtained from one of the other 75 involutions (of class 2B). Thus there are 
just two conjugacy class of L,( 11) in the Suzuki group, one of each of the 
types (a) and (b), and they may be obtained by taking the Frobenius group 
generated by the co-ordinate permutations (0 123456789X) and 
(13954)(267X8) and adjoining in the first case the co-ordinate permutation 
(67)(2X)(34)(95) and in the second case the matrix 
c 0 0 0 0 0 0 2 -1 -1 -1 -1 -1 
0 0 0 0 0 0 -1 2 -1 -1 -1 -1 
0 0 0 0 0 0 -1 -1 -1 -1 2 -1 
0 0 0 0 0 0 -1 -1 2 -1 -1 -1 
0 0 0 0 0 0 -1 -1 -1 2 -1 -1 
1 0 0 0 0 0 0 -1 -1 -1 -1 -1 2 
3 -2 1 1 1 1 1 0 0 0 0 0 0 
1-21111000000 
111-211000000 
1111-21000000 
11-2111000000 
~11111-2000000 
Furthermore, the involutions inverting the element of order 11 we started 
with must preserve the above construction, and so must normalize both of 
these L,(ll)‘s. In other words, both classes of L,(ll) have normalizer 
exactly L,(11).2. We shall show in the next section that neither of these 
normalizers is maximal in the Suzuki group. 
Remarks. (1) A proof may be given of the uniqueness of the L,(l 1) of 
type (a) along the lines of that given below for M, i . 
(2) The 12-dimensional representation restricts to the L,( 11) of type 
(b) as the sum of the two irreducible 6-dimensional representations of 
SL,(l l), and each of these restricts to the subgroup of index 12 as the sum 
of the trivial representation and an irreducible 5-dimensional representation. 
Thus in each 6-space there is a set of 12 vectors (counting projectively) 
permuted by the group. Alternatively, one can say that there is a set of 12 
two-spaces permuted by the group. 
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6.4. Subgroups Isomorphic to M,, 
We see at once from the character tables that there is only one possible 
class fusion map, viz., (2B, 2A, 3B, 3C, 4C, 4C, 5B, $E; 60, 8C, 8C, lOB, 
1 lA), and that the 12-dimensional character remains irreducible when 
restricted to M, z. The question of existence is easily settled as M,,.2 is the 
centralizer of an outer involution of class 20. To prove uniqueness note that 
M,, contains L,(l 1)‘s with involutions of each class, and so must contain 
representatives of both Suzuki-classes of L2( 11). But these are determined by 
any element of order 11 that they contain, and M,, is generated by such a 
pair of L,(l 1)‘s so there is a unique class of M,, in the Suzuki group. Also, 
the involution inverting the 1 l-element must normalize the M,2, by the same 
argument as was used in the case of L,(l l), so the MI,-normalizer is M,,.2 
and contains both classes of L,(11).2. 
6.5. Subgroups Isomorphic to M,, 
Any M,, must have class fusion given by (U, 3B, 4C, 5B, 60, 8C, 1 lA), 
and the restriction of the 1Zdimensional character is la + 1 la. Now by a 
previous remark any group fixing a vector in the lattice must be contained in 
either U,(2) or 3’:M,,. But M,, has trivial centralizer and trivial outer 
automorphism group, so is self-normalizing and not maximal. 
Remark. The 1782-point permutation representation restricts to M,, as 
2 x la + 2 x 16a + 2 x 16b + 2 x 45~ + 4 x 54~ + 3 x 55~ + 556 + 55~ + 
3 x 66a + 3 x 99~ + 2 x 144~ + 2 x 176a, and restricts further to M, , as 
2 x la + 5 x lOa + 5 x 106 + 6 x 1 la + 4 x 16~ + 4 x 16b + 14 x 44~ + 
7 x 45a + 11 x 55~. Thus there are two orbits under M,, and these do not 
split further on restriction to M,, . Now the element of order 11 is a fixed- 
point-free permutation, so by looking at the list of maximal subgroups of 
M,, we see that the point stabilizers in M,, must be subgroups of 2 X S, 
(index 396), 22+3: S, (index 495) or (A4 x S,) (index 1320). Thus the orbit 
lengths must be 792 and 990, with the corresponding point stabilizers in M,, 
being 2 x A, of Suzuki-type (2B) x (U,3C, 5B), and 22t3: 3. 
The M,, acts in the 12-dimensional representation by permuting the co- 
ordinates, and so fixes a unique one-space. The images of this one-space 
under 2M,, therefore form a set of 12 mutually orthogonal one-spaces on 
which 2M,, acts monomially, taken by the outer automorphism of 2M,, to 
another such set of 12 one-spaces. For the M,, generated by the two L,( 11)‘s 
given in Section 6.3 above, one set of vectors consists up to sign of 
(e, e, e, e, e, 8, e, 8, 0, 8, e, e), (e, e, e, 8, e, e, -e, -e, -8, -e, -e, -e) and 
images under the co-ordinate permutation (0123456789X), and the other 
consists of (-5, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1) and all permutations thereof. 
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6.6. Subgroups Isomorphic to L,(3) 
Since elements of classes 8A and 8C square to elements of classes 4A and 
4C, respectively, we cannot have 4B- or 8A-elements in an L,(3), so the only 
possible class fusion is (2A, 3B, 3C, 4C, 60, 8C, 13A/B), and the 12- 
dimensional character of 6Sz remains irreducible. Now the total structure 
constant <(2A, 3C, 13A) in the Suzuki group is 3, of which we have 
accounted for an amount 1 in the subgroup L,(l3). In L,(3) the sum of the 
relevant structure constants is 2, so we must either have a single class of self- 
normalizing L,(3), or two classes of L,(3).2 interchanged by the outer 
automorphism of the Suzuki group. In fact it is the latter case which occurs, 
as we proceed to show by constructing two non-conjugate L,(3).2’s. 
The group L,(3) contains two classes of subgroup of index 13, both of 
shape 32: 2S,, which are interchanged by the outer automorphism. In each 
of the subgroups the O,-subgroup has all non-trivial elements of Suzuki-class 
3B, and the centralizer of such an element in L,(3) has the shape 3’++2: .
But there are elements of this class in 32: 2S, outside the O,-subgroup, and 
centralizing such an element we can only see a group 3 X S, in 32: 2S,. 
Thus in L,(3) in the Suzuki group can be generated by taking a suitable 
subgroup 32: 2S, and adjoining an involution commuting with a given 3B- 
element outside the O,-subgroup thereof. 
Now we know that the 12-dimensional representation restricts to L,(3) as 
the deleted permutation representation on either the 13 points or the 13 lines 
of the projective plane, these two representations being isomorphic. Thus any 
L,(3) must permute two sets of 13 vectors, and in particular the vector fixed 
by our 32: 2S, must have just 13 images under L,(3). No.w the first vector 
given in Table IV(d) is congruent o the standard co-ordinate frame, so its 
stabilizer in the Suzuki group is contained in 3’: M, , and is therefore easily 
seen to be just the 32: 2S, given in Table IV(a). It is then a simple matter to 
check that each of the involutions given in Table IV(b) generates with this 
32: 2S, a group having an orbit of 13 vectors, as shown in Table IV(d), and 
thus we have constructed two groups containing this 32: 2S, as a subgroup 
of index 13. In Table IV(c) we give two elements which take our original sets 
of 13 vectors to the new sets given in the second line of Table IV(d), which 
are also preserved by 32: 2S, and the respective lements of Table IV(b). In 
both cases any vector of the first set has inner product f278 with four of the 
vectors in the second set, and inner product kl28 with the other nine. We 
therefore have the structure of a projective plane, and so the group generated 
by 32: 2S, and either of the involutions of Table IV(b) is L,(3). 
Furthermore, the involutions given in Table IV(c) effect outer auto- 
morphisms of these two L,(3)‘s. The outer automorphism of the Suzuki 
group clearly interchanges the two classes of L,(3). 
Remark. Using the set of 13 “points” (or “lines”) of one of these L,(3)‘s 
TABLE IV 
The Subgroups L ,(3) 
(a) The common subgroup 3’: 2S, z 3’Q,.S, 
(b) Additional clcments generating the two L,(3)‘s 
1 
5 
(c) The outer automorphisms of the L,(3)‘s 
co G cu 0 0 0 G 0 0 0 0 0’ 
w 0 0 0 0 0 0 0 0 I 0 0 
u00100000~00 
0 (I, I 0 0 0 c;r 0 0 0 0 0 
0 0 0 0 o-wop10 0 o-w 
1 0 0 0 o-w0 0 O-1 040 
2 co 0 0 w 0 0 0 0 0 w 0 0 
0 0 0 0 -1 0 0 0 -10 -1 0 
0 0 0 0 0 -10 -10 0 0 -I 
0 1 LO 0 0 0 <s 0 0 0 0 0 
0 0 0 0 o-we-1 0 0 0-G 
LO 0 0 0 -6 0 0 0 -1 0 --w 0, 
(d) The 26 vectors in orbits under 3>2S4 
(i) 
(ii) Points 
9to 
36 3ti 36 1 1 1 1 
0 000 
IL 
YWYV 
0 0 0 0 w v w w 
-0 <II w 0 0 0 0 0 0 0 0 0‘ 
w00w00000100 
w00100000w00 
0w1000w00000 
0 0 0 0 o-wo-10 o-w 0 
0 0 0 O-GO 0 o-w0 o-1 
~uowoooou6oo 
0 0 0 0 -10 0 0 -10 -1 0 
0 0 0 0 0 -10 0 -I 0 0 -1 
0 1 (3 0 0 0 0 0 0 0 0 0, 
0 0 0 0 o-60-I 0 0-w 0 
~0 0 0 0 -0, 0 0 0 -1 0 -tu 0. 
Nufes. (1) a = 1 + 3w, w = 1 - 3~. (2) A point and a line have inner product k276, if 
they are incident, + 120 if not. 
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TABLE V 
Conjugacy Classes 
Atlas name 
Centralizer Permutation 
order Classes in 6Sz Character character 
IA 448345497600 1,6,3,2,3,6 12 1782 
2A=4A==4B2 33 17760 2, 6. 6, 2, 6, 6 -4 54 
= 4c2 
2B = 40’ 
3A 
3B = 9A/B’ 
3c 
4A = 8A2 
4B = 8B2 
4C = 8C’ 
40 
5A 
5B 
6A = 2A.3A 
6BJC= 2A.3B 
60 = 2A.3B 
6E = 2B.3C 
7A 
8A 
8B 
8C 
9AJB 
1OA = 2A.5A 
1OB = 2B.5B 
11A 
12A = 3A.4A 
12B = 3B.4A 
12C= 3A.4C 
120 = 3C.4D 
12E = 3B.4B 
13A/B 
161280 
9797760 
34992 
3240 
46080 
3072 
1536 
288 
1800 
300 
3456 
1296 
432 
72 
84 
192 
64 
32 
54 
40 
20 
11 
288 
72 
48 
36 
24 
13 
14A = 2B.7A 28 
15AJB = 3C.5A 45 
15C = 3A.5B 15 
18A/B = 2A.9A/B 18 
20A = 4A.SA 
2 IA/B = 3A.7A 
20 
21 
24A = 3A.8A 24 
4, 12, 12 
3, 6. 3, 6, 336 
3. 6, 3.6, 3.6 
336 
4, 12, 12,4. 12, 12 
4, 12, 12 
4. 12, 12 
8. 24, 24 
5,30, 15, 10, 15, 30 
5,30, 15, 10, 15, 30 
6,6, 6, 6, 6, 6 
616,616. 6/6,6/6,6/6,6/6 
6. 6. 6, 6, 6, 6 
12 
7,42,21,14.21,42 
8. 24, 24 
8, 24, 24. 8. 24, 24 
8. 24, 24 
919, 18/18,9/9, 18/18,9/9. 18118 
10, 30, 30. 10, 30. 30 
20, 60,60 
1 1.66,33,22,33.66 
12, 12, 12, 12. 12, 12 
12, 12, 12, 12. 12, 12 
12, 12. 12 
24,24 
12, 12. 12, 12, 12, 12 
13113. 78178, 39139. 26126, 39139. 
78178 
28,84,84 
15/15,30/30 
15. 30, 15, 30, 15.30 
18/18,18/18.18/18,18/18, 18118. 
18118 
20,60,60. 20,60, 60 
21/21,42/42.21/21.42/42,21/21, 
42142 
24, 24. 24, 24. 24, 24 
0 42 
-6 162 
3 0 
0 18 
4 30 
0 6 
0 2 
0 0 
-3 12 
2 2 
2 18 
2ke 0 
-I 0 
0 6 
-2 4 
0 6 
2 2 
0 0 
Fe 0 
1 4 
0 2 
1 0 
2 6 
-1 0 
0 2 
0 0 
e 0 
-I I 
0 
0 
-I 
-1 
1 
I 
0 
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as co-ordinate vectors, we can re-write the vectors of the lattice. It turns out 
that the definition of the lattice in these co-ordinates is particularly simple 
and elegant. If we write a vector in complex 12.space as (x,), where p runs 
over the points of the projective plane PG(2, 3), such that the sum of the 13 
co-ordinates is zero, then the lattice consists of all vectors in this space 
which have co-ordinates in the Eisenstein integers satisfying 
(i) xP z xq mod v or mod 7, respectively, 
(ii) the sum of the four co-ordinates on a “line” = 0 mod 19. 
It is clear that this new definition of the lattice gives us a way of 
constructing the two distinct embeddings of L,(3) in Sz “by hand,” although 
of course a certain amount of work is involved in showing that this definition 
is equivalent o the usual definition of the lattice. 
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